I. INTRODUCTION

I
N PERMANENT magnet (PM) synchronous machine rotor eddy-current power losses produced by traveling flux harmonics can lead to overheating, which can cause demagnetization of the PMs and sleeve failure. These harmonics can be caused by permeance variation due to slotting and saturation, space harmonics due to winding distribution, and time harmonics in the armature current waveform. Accurate estimation of these traveling flux harmonics in the initial design stage is essential, as small errors can result in significant errors in the estimated rotor losses, which could lead to misinformed design decisions.
In many machines, no-load tooth ripple rotor loss caused by harmonics arising from the modulation of the PM flux by slot permeance is generally negligible compared with rotor losses caused by stator magneto-motive force (MMF) space and time harmonics, as discussed in [1] - [9] , which present analytical techniques for calculating stator MMF harmonics and associated losses. However, in high-speed machines, the no-load tooth ripple component of rotor loss can be significant [10] , [11] . Tooth ripple losses could be reduced by increasing the air gap and reducing the slot opening [12] , but practical limits imposed by winding insertion requirements set limits on the minimum slot opening, and hence the achievable reduction in tooth ripple loss. In addition, magnet segmentation can be used to reduce losses, but it increases the cost of the machine significantly.
In general, two families of analytical methods are used to calculate air-gap flux distribution, and hence rotor traveling harmonics, in slotted PM machines, namely permeance function and subdomain methods. In [13] - [16] , conformal transformation is used to derive relative permeance functions, which are multiplied by the flux density in the air gap of a slotless PM machine to account for the effect of slotting. The method is applicable to simple rectangular slot geometry when the slot width is much smaller than its height. The second family of analytical methods calculates air-gap flux density by solving the Laplace or Poisson equations in the different subdomains of PM machine, i.e., slots, air gap, and magnets. The air-gap flux distribution is calculated by applying boundary conditions to the subdomains [17] - [20] . The method can cater for the effect of tooth tips [11] and complex slot shapes on air-gap flux distribution, but the effect of the reaction of eddy currents on air-gap flux distribution has been neglected so far in this method.
As simplifying assumptions are necessary when developing analytical techniques, both families of analytical methods neglect 3-D effects (end effects) and saturation. In addition, in the case of the conformal transformation, the depth of the slot is assumed to be infinite considering one slot on its own. These assumptions may result in significant discrepancies between analytical and finite-element analysis (FEA) results in terms of air-gap flux density distribution, amplitude of harmonics, and their respective rotor eddy-current power losses.
A comparison study is therefore presented in this paper to investigate the level of discrepancy between the amplitudes of no-load traveling harmonics calculated using three analytical methods described in [13] - [15] and FEA. A current sheet method similar to that described in [10] is used to calculate rotor loss caused by each harmonic. Rotor losses are also calculated using transient time-stepping FEA coupled with the rotor motion equation and including nonlinear material properties. The results from the three analytical methods and FEA are compared and discussed. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information. study. The surface mounted PMs are arc shaped and parallel magnetized. The rotor is made of solid steel for essential strength. A nonconducting sleeve with magnetic properties assumed to be similar to that of air is used to hold the magnets. The generator dimensions and properties of materials are shown in Table I .
II. MACHINE UNDER STUDY
III. METHODS FOR CALCULATING AIR-GAP FLUX HARMONICS
A permeance function λ(r, θ) is used to cater for flux modulation by slotting. The methods in [13] - [15] calculate the permeance function, which is multiplied with the air-gap flux density B s (r, θ) of a slotless PM machine to calculate the air-gap flux density B g (r, θ) in a slotted PM machine. In the rotor reference frame, the air-gap flux density can be written as
where ω is the angular speed. The permeance function calculated in [13] and [14] has only a radial component B gr (r, θ) as the tangential component B gθ (r, θ) is assumed to be unaffected by slotting. The permeance function in [15] has both real and imaginary components, which effect both the radial and tangential components of air-gap flux density. In this section, the air-gap flux density B s (r, θ) in the slotless PM machine is calculated using the method in [21] . The permeance functions in [13] - [15] are also developed in the rotor reference frame. Each permeance function is then multiplied with B s (r, θ) to cater for the effect of slotting.
A. Air-Gap Flux in a Slotless PM Machine
The analytical field solution in the air gap of a slotless PM machine with internal rotor having parallel magnetized magnets has been presented in [21] . The B sr and B sθ , namely the radial and tangential components of air-gap flux distribution produced by the magnet flux only in a slotless PM machine, are given by
where detailed expressions for K B (n), f Br (r ) and f Bθ (r ) for an internal rotor machine can be found in [21] .
B. Permeance Functions
The different methods in [13] - [15] used for calculating the relative permeance functions make the following common assumptions: one slot model; infinite slot depth; stator permeability is assumed to be infinite; and the effect of stator tooth tip thickness and stator tooth tip saturation, and end effects on air-gap flux distribution are neglected.
Zhu and Howe [13] uses conformal transformation of a oneslot model to calculate the relative radial permeance function λ RP (r, θ) that is multiplied with the radial component of the air-gap flux density B sr (r, θ) and according to (1) is written as
Conformal transformation is used to simplify the rectangular slot geometry into a simple slotless geometry to calculate the variation in the air-gap flux under slot opening. The decrease in the air-gap flux density due to slotting is catered for using Carter's coefficient. The calculated permeance function can only predict the effect of slotting on radial air-gap flux density component, and according to [13] , can be given in the rotor reference frame as
where Q s is the number of slots, and 0 (r ) and n (r ) are given by
In (7), b 0 is stator slot opening, and k c is the Carter's coefficient given by
The tooth pitch τ t and slot-opening factor γ in (9) are given by
where g is the effective air gap calculated as
The factor β(r ) in (7) used to calculate the dip in air-gap flux density is given as
where x is determined by solving the following equation:
and
Gieras [14] calculates the permeance function λ GR (r, θ) that is multiplied with radial component of the air-gap flux density B sr (r, θ) and according to (1) is written as
The permeance function is developed using a slightly different approach from that described in [13] and [22] and is given by
where s ok is the slot-opening factor and is given as
where τ s is the slot pitch, and ρ is calculated as
Žarko et al. [15] calculate a complex permeance function λ CP (r, θ), with both real λ a and imaginary λ b parts, which are multiplied with radial B sr (r, θ) and tangential component B sθ (r, θ) of the slotless machine air-gap flux density to give
The function is calculated using four conformal transformations between the planes to transform the slotted stator geometry into a simple slotless geometry. The air-gap flux density is calculated in a plane having a slotless machine geometry using the method in [21] . The solution is then transformed back to the original plane having slotted stator to calculate the effect of slotting on air-gap flux density. The complex relative permeance function is given by
where λ a and λ b in the rotor form are given as
In (24) and (25), λ 0 , λ an , and λ bn are Fourier series coefficients and are calculated from the waveforms, shown in Fig. 2 , of the real λ a and imaginary λ b components of complex relative function using the discrete Fourier transform.
C. Static FEA Method
To compare the rotor eddy-current power loss results obtained from the analytical solution and highlight the effect of saturation, static FEA, using Ansys Maxwell, was used to calculate the amplitude of harmonics, as described in [10] . Two cases were considered.
1) The stator core material was assumed to have a high linear relative permeability of 5000.
2) The stator material is assigned a nonlinear B-H curve. The amplitude of traveling flux harmonics for both cases was obtained by calculating the normal component of the airgap flux density distribution at different rotor positions on the surface of the magnet. A total of 30 magnetostatic models representing 30 rotor positions spanning one pole pitch were generated. Data of the normal flux density over the magnet surface are shown in Figs. 3 and 4 ; the black regions in the figures include multiple curves of flux density at different positions. The data were analyzed using 2-D Fourier analysis to calculate the traveling flux harmonics in space and time.
In comparison with Fig. 3 , a higher variation in the airgap flux density in case of saturated stator tooth tip can be observed in Fig. 4 , denoting higher amplitude of traveling flux harmonics.
IV. ROTOR POWER LOSS CALCULATION
A. Analytical Method
Rotor eddy-current power loss due to traveling flux harmonics in time and space is calculated analytically using a cylindrical multilayer eddy-current model of the machine, in which each resultant flux harmonic is represented by a current sheet at the stator bore of a slotless nonconducting stator, as Normal air-gap flux density on the surface of the magnet for 30 rotor positions spanning one pole pitch. The stator material is assumed to be nonlinear. shown in Fig. 5 . The magnet is assumed to be a conducting region with zero magnetization. This model assumes that ring nonsegmented magnets are used, and it neglects end effects, which tend to reduce the losses.
The current sheet density of a harmonic of space order q and time order k can be written as
The amplitude of the current sheetĴ qk is set such that it produces the corresponding normal flux density on the surface of the magnet, as determined in the previous section.
The relationship between the current sheet density and the magnetostatic normal flux density is determined by solving the Laplace equation of the model in Fig. 5 with the conductivities set to zero. We have verified using time-stepping transient FEA that the reaction magnetic field of the rotor eddy currents in the machine under study has negligible effect on the distribution of the magnetic field on the surface of the magnet.
The Laplacian of vector potential A assuming no variation in the z-direction can be written as
In the air gap
In the magnets and steel
where μ and σ are the permeability and conductivity of the material. Using the separation of variables method yields the following solution:
Substituting (30) in (29), it can be shown that
where v 2 = j ωμσ , and I q and K q are the modified Bessel functions of the first and second kinds of order q. The radial and tangential components of flux distribution in different regions in terms of vector potential are given by
e iqθ e j kωt (32)
Equations (32) and (33) are solved to obtain the field solution in each region of the PM machine, and constants C and D are determined by applying the boundary conditions. The boundary conditions assume that the radial flux component B r is continuous at all interfaces between regions and the tangential component H θ is continuous at r = R 1 and r = R 2 . The only difference will be at the stator bore R 3 , where there is a discontinuity in the tangential field intensity by the amount of current sheet density J qk
Rotor eddy-current power loss can be calculated in each region using the Poynting vector. For a sinusoidal electromagnetic field at steady state, the average power transmitted through a surface is calculated using the Poynting vector as
Since we know the solution of vector potential A from (27), therefore the amplitudes of phasors of E and H can be obtained from the following equations:
Integrating (35) over the magnet surface, the total power transmitted from the air gap to the magnet region, designated by P 2 and power transmitted to the hub by P 1 , can be calculated in terms of field quantities, and these variables may be given as
where S 2 and S 1 are the surface area over the magnet and hub surfaces, respectively. The power loss in the magnet region P m and the power loss in the hub region by P h then can be calculated as
B. Transient FEA Method
The Ansys Maxwell transient time-stepping FEA analysis coupled with the rotor's equation of motion was used to calculate rotor eddy-current power loss in PM machine under study. Ring nonsegmented magnets were assumed in the FEA model to enable direct comparison of the results with those calculated using analytical and static FEA methods. The time step for the FEA transient solution is adjusted to be 6.84 × 10 −7 s, and a total number of mesh elements of about 60 000 (concentrated mainly in the rotor steel hub and magnets) were set to give a good compromise between speed and accuracy [12] . A typical total rotor power loss waveform is shown in Fig. 6 from which Fig. 7 shows a comparison between the calculated waveforms of air-gap flux density distributions on the surface of the magnet, at a particular rotor position θ = 0, using the three analytical methods, i.e., the relative permeance (RP) method in [13] , the relative permeance method (GR) in [14] , the complex permeance (CP) method in [15] , and the static FE method. Although in this figure the waveforms look similar, there are significant differences between their highorder harmonics.
A comparison between harmonic amplitudes calculated using the different methods is shown Figs. 8-10 . The results in Figs. 8-10 highlight the discrepancy between amplitude of harmonics calculated using FEA static linear, and nonlinear solutions, and the three analytical methods. The amplitude of harmonics in case of nonlinear FEA static solution is generally the highest.
Rotor eddy-current power loss due to each traveling flux harmonic is calculated using the current sheet model described in Section IV. Rotor power losses due to significant harmonics only, causing a power loss >0.5 W, are shown in Figs. 11-12. A comparison of the total rotor power loss obtained using the different methods is shown in Fig. 13 .
It can be seen from the results that the discrepancy level between FEA and analytical methods is very significant. There is very good agreement between the losses calculated using time-stepping transient FEA and those calculated using harmonic analysis of flux density data obtained from magnetostatic FEA, in both the linear and nonlinear stator material cases. However, the losses obtained from the nonlinear solutions are about three times those obtained from linear FEA solutions and current sheet model, in the machine under study.
In general, the losses calculated using the analytical methods are lower than those calculated using the linear FEA results, with the complex permeance method being the closest to FEA. The apparent agreement between the total losses calculated using the complex permeance method (and current sheet eddycurrent model) and that obtained using linear static FEA analysis is, however, misleading, as it disguises significant differences between the harmonic contents calculated by the two methods.
A. Effect of Saturation
As a simplifying assumption, the effect of saturation is generally neglected in analytical methods when calculating air-gap flux distribution or rotor power loss in PM machine. To highlight the effect of saturation, transient FEA was used to calculate rotor eddy-current power loss in several variants of the machine understudy, with different tooth tip thicknesses. Table II , which also includes rotor loss calculated using different methods. For reference, the maximum flux density in the body of the tooth is about 1.4 T, which is the value at the knee of the B-H curve.
It is clear from the results in Table II that when the tooth tip is thin, and saturated, the losses increase considerably, for the specific geometry of the machine under study. The saturated tooth tip has an effective incremental permeability similar to that of air, and hence, saturation effectively increases the slot opening, thus increasing the amplitude of flux harmonics and associated losses.
When saturation is not significant, the no-load rotor loss is about 40 W, which is manageable in the machine understudy.
VI. CONCLUSION
This paper presented a comparison between the three analytical methods [13] - [15] and FEA solutions in terms of air-gap flux distribution, amplitude of traveling flux density harmonics on the surface of the magnets, and their corresponding rotor power loss.
The results show that there are significant discrepancies between the flux harmonic contents calculated using the different methods, and hence significant discrepancies between the calculated rotor losses.
In the machine under study, the discrepancy increases considerably if the stator core, and the tooth tip in particular, are saturated. Rotor loss reduces considerably if the tooth tip thickness is increased and saturation is reduced, at the expense of increasing leakage reactance and voltage regulation and reducing slot fill.
The accuracy of FEA was verified experimentally in [23] using the loss separation method to estimate rotor losses. In [8] , the initial rate of rise of rotor temperature was used to validate the results of calculations of the current sheet model; the asynchronous MMF harmonic amplitudes could be estimated accurately in this case. This gives confidence in the accuracy of the results of the transient FEA and current sheet model. The latter gives accurate results provided that the amplitudes of the harmonics are accurately calculated. Reliable measurements of rotor losses in machines similar to those under study were not, however, possible as they are swamped by other much larger losses (bearings, core, and copper). Further work will be carried out to obtain reliable results based on additional measurements.
